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Exercise sessions are important

studentspresent their solutions active participation

encouraged
Learning process is

active notpassive
Exams written modelled after the exercises
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Goal Understand the set IP

theorem Euclid IP D

Proof Suppose for contradiction IP is finite
so 110 Epa Pr Let 2 It Pa pr
Then pit q Ki Therefore ye IP contradiction
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Gauss conjectured that itex gaie Ling Igy 1

This is true and is known as the

PrimeNumbentheorem we prove it in this
course It was proven in 1896 by
Hadamard and de la Vallee Poussin
independently more than 100 years after
Gauss made the conjecture



Q Are there infinitely manyprimes
with last digit 3
More generally if a b 1 is

I ant b new a IP 1 do

Dirichlet yes

Proportion ofprimes b need a is Ya
This is Prime Number Theorem in Arithmetic Progressions

we willprove this too

Is 1 n 2 news sep 1 0 Wide open
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We don't explicit limit point if Zo 0

Eg Let f x X and g x x

For 1 f 01g but g is NOT of
Also f o g

We often use big 0h notation inside
expressions If f g h A we write

f t g 2 0 LG
to mean 1 12 g z 1h12 ZED

for some Cso

If 1 0 g we call g t main term
and h z error term

Eg 1 1 X 0 x for L

X X 011
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Proffitsitivity If f 01g and g 01h
then f 01h
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f x g x 0 max fix gas
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For twopositive functions we write
f x g x as a if time f 1

If we write f x ng x it is assued a 0
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We obtain this by studying analyticproperties
of Riemann Zeta function Is E.tn Reiss 1
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of 9 lie on the vertical line pecs
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Arithmeticfunctions

Def An arithmetic function is a function
f N C Denote it f N
the set of all arithmeticfunctions

Def Dirichlet convolution Let f get
Dirichlet convolution f get is defined

f g n

Infid 914
Infla gibLenne f g Let

f g gaf It is commutative

f g h f gsh is associative
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Inparticular A is a commutative

algebra with multiplicative unit lini 1 ns

0 else

Definition Multiplicative functions

ft it is multiplicative if f O and

f nm fin f m for all coprime integers n m

feat is completelymultiplicative if f o

and f mm fin f m n m E DV

Remart f completely multiplicative multiplicate

f multiplicative f 1 1

f multiplicative f is determined by
its values on pl p IP LEN
f comp mult f is determinedby

its values on IP

Examples id n comp mult
n 1 comp mult 1
ein 1 2 2 cop mult

0 else
Eln den din I mult



Pf Tlp 1 1 for ftp
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deN dln pit pt 0 Eki lis

elpt.ph late Inte 421 cat
I is mult

f n 1 2 12 1 mlt
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Theorems If f getmultiplicative then
f g multiplicative

Ex T E E mult but not completely mult
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Unitsin.it has
inverse in it wrt

Theorems fat unit 11 0

PI Suppose 3get st.fr g l
Then 1 ell fil g 1 f 2 0

We inductively define get set f g e

Set glt 1

Suppose 911 g n c already defined Set

gin If d
g tdinids1

Then f g n elm neN leasy exercise

Rmc We denote the inverse of fby
If the inverse exists it is unique followsfromthepro



Proposition If f e it multiplicative then so is

Proof Letget multiplicative definedby
gipl fF peP len

multiplicative forms are uniquely determinedby their
values

onprimepavers
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4

Efip ftp.t
f f

c

Ipt e pl
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determined uniquely by their values onprimepowers
By uniqueness of inverse g f't

Example Letµ E Mobius function

LemmaMin 1 n L

C 1 n p p
producttof
distinctprimes0 else

Note In m is the indicator function of
square free numbers
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Now µ µ is mult so claim follows a

theorem Mobius Inversion Formula Let f get
g n
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